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The action for supersymmetric D3-branes in at and curved type IIB supergravity
backgrounds has been studied extensively during the last few years [1, 2, 3, 4]. In
addition to extended supersymmetry these actions have a local -symmetry and half
of the 32 fermionic elds can be \gauged away" by xing the -gauge. Moreover,
of the 32 supersymmetries of type IIB supergravity, 16 are realized linearly and 16
non-linearly. The interpretation of all these supersymmetries is closely related to
the problem of the correspondence between supersymmetricN = 4 U(N)-symmetric
Yang-Mills theories and D3-brane Born-Infeld-type U(1)-symmetric actions [4]. The
N = 4 Yang-Mills theory in d=4 is not only renormalizable but even nite [5]. The
D3 brane action has been considered so far only as an eective action as it is not
renormalizable by power counting in d=4 . Still, there are 16+16 linear and non-linear
global symmetries in the gauge-xed action (or equivalently a local -symmetry of
the classical action). Is it possible that these symmetries are strong enough to forbid
the counterterms in the D3 brane action which have a higher number of derivatives
than the classical Born-Infeld action? One has to take into account that the D3











As a rst step in resolving these issues, in particular to clarify the relation between
the eective action of the open string theory, Yang-Mills theory and eective action
of the D3-brane theory, we will treat the -symmetric action of the D3-brane on
the same footing as supergravity in d=4 or supersymmetric Yang-Mills theory in
d > 4. A priori these theories are not renormalizable. However a careful analysis of
supersymmetric higher derivative counterterms was performed in the past, as well as
some actual calculations [6].
In this paper we will present one-loop corrections to the D3-brane Abelian Born-
Infeld action in a at background, and we will show that there are ultraviolet diver-
gences, in contrast to the nite d=4 N = 4 Super-Yang-Mills [5], and that the form










. To x the -symmetry we will employ






background. In this gauge we will be able to directly identify the linear
supersymmetries of the gauge-xed D3 brane action with the YM supersymmetries.
We will compare this to the symmetries of the D3 brane action in 
1
= 0 gauge, pro-
posed in [3]. The calculation of the tree amplitudes and one-loop corrections gives the
same results in the other gauge, of course. However, in the Killing gauge the lowest
order Lagrangian contains only quartic interaction terms while in 
1
= 0 gauge there
are cubic as well as quartic interactions. Therefore it is easier to perform one-loop
calculations in the Killing gauge.
It is interesting that the terms with the (@F )
4
structure were found in the eective
action for the open superstrings in the paper by Andreev and Tseytlin [8] from the








: This kind of terms were also found in the more
recent papers by Hashimoto and Klebanov [9] in which they computed the scattering
amplitude for massless vectors on a D-brane in string theory. In the low energy limit








: The appearance of
this structure in our calculations and in the string eective action could mean that the
supersymmetry xes this structure in the unique way. This would also mean that the
local -symmetry after gauge xing corresponds to the global N = 4 supersymmetry
at least in this approximation.
To perform one-loop calculations we will use the helicity amplitude method that
has been developed extensively in the last 10 years (for reviews see [10, 11]). The main
ideas of this method that we will employ here are the spinor helicity representation for
polarization vectors [12], supersymmetry identities [13] and unitarity cuts [14]. This
method has been used for loop calculations in Yang-Mills theory and recently also in
gravity [15]. It turns out that it is extremely useful for the D3 brane calculations.
In Sec. 2 we will discuss the D3-brane action and nd the SUSY transformations
in the Killing gauge. In Sec. 3 the N = 4 supersymmetric Lagrangian of the Born-
Infeld theory will be presented up to the quartic order in the elds. In Sec. 4 we will
apply the helicity amplitude formalism to the D3-brane action. We will present tree
and one-loop amplitudes for the quartic Lagrangian in the Killing gauge and give the
expressions for the one-loop corrections and counterterms in this theory. In Sec. 5
2
we will discuss the form of the Lagrangian up to the quartic order in 
1
= 0 gauge
and Sec. 6 is a conclusion.
2 The D3 brane action in a at background
In this paper we will closely follow the notations of [4]. The supersymmetric D3-
brane action is a sum of the Born-Infeld (BI) and Wess-Zumino (WZ) terms [1, 3, 4]






) and an Abelian world-volume

































is the D3-brane tension [16] and 2
0
is the inverse string tension.
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= ( + :::+) with i; j = 0:::3; a^;
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is the supersymmetric extension of dA:



















































































(x;)  L(x; t): The  independent








are the d=10 Dirac
































The supersymmetry transformations with global parameter " and -symmetry





























































































where the SUSY parameter "
I
is a constant type IIB Majorana-Weyl spinor. Half of


























































































Following [7, 17] we will choose the \Killing gauge" for the -symmetry. In [7] 
1;2
were choose to be the Killing spinors of the AdS
5
background, for the at background





















































































are 8  8





























































































and explicit expressions for  and
~
 are given in (15).
We gauge away half of the fermionic coordinates by imposing #
 
= 0: This condi-










































































































































































































































































































It is easy to see that the transformations for y
t
are linear and do not contain an "
+
part.
From here on we will drop the \+" in the spinor notation i.e. #
+
) #: In the new
variables the supervierbeins (4) are:













3 The Quartic N = 4 Lagrangian







































































































































































































































































) and a standard redenition of the
elds we get the eective Lagrangian up to the fourth order in elds (and coupling
















































































































































































































































To establish the analogy between this theory and N = 4 super-Yang-Mills theory
it is helpful to use the chiral representation for ~
t
(see Appendix) where the SU(4)
symmetry is manifest. Using this representation we will introduce new notations












with SU(4) indices I; J = 1; 2; 3; 4: The 16-















































































































































































































































































































































































































































































































































































































































which is exactly the N = 4 transformation given in [18].
8
4 Helicity amplitudes.
To calculate one loop corrections to the D3-brane action we use the helicity amplitude
technique (see for example the review paper [10] and references therein). In the spinor
helicity formalism, positive- and negative-helicity massless spinors  are represented
as



























































= 0) is a \reference" momentum which corresponds to the particular
choice of gauge for the external legs. Due to the gauge invariance of the amplitudes,
the vector k drops out of the nal expressions. The supersymmetry transformations












































































(k; p) = [pk];  
 
(k; p) = hpki; and  is a numerical Grassmann param-
eter.
Using the Lagrangian (39) it is easy to nd the tree-level helicity amplitudes. For
















































































































































































































are the momentum and polarization vectors for an external vector
boson leg.
In the YM theory with non-Abelian gauge group SU(N
c
) the tree amplitudes are
usually represented according to color decomposition [10, 20] as a sum of partial sub-





























is the set of all non-cyclic permutations and T
a
(n)
are matrices of the
fundamental representation of the SU(N
c
) color group. In the D3-brane case the
gauge group is an Abelian U(1) and color factors will be simply reduced to 1.
All four-particle tree amplitudes are proportional to 
2
(39) and to simplify the
notations we will let 
2
= 1: Due to the supersymmetric Ward identities (SWI) [13]














































































































where s = s
12
; t = s
14
; u = s
13
are Mandelstam variables. This amplitude is


















(1; 2; 3; 4): (56)
10
It is important to notice that the RHS of (56) is totally symmetric under external leg
permutations [13].

















































































































































































































































The next set of diagrams contains a mixture of two fermions and two bosons.



































































































































































































This set of tree amplitudes has exactly the same relative factors between them
as for N = 4 SUSY Yang-Mills theory given in [15] (extra i's come from dierence
between metrics signature which are g

= (+   ) in [15] and g

= ( +++) in





































are the momenta of the particles from N=4 SUSY multiplet.
The main dierence between the standard N = 4 SYM and the D3-brane eective
theory (39) is that the rst one is nite in d=4. The following calculation shows that
the D3-brane action is not one-loop nite in the at background.

















































where the sum is over all particles in the N = 4 multiplet and 1; 2; 3; 4 stands for the
momenta of the external particles. This statement is true for any dimension and its

















































(1; 2; 3; 4) is the four vector-boson D3-brane amplitude (56).
The N = 4 supersymmetry of the D3-brane action allows us to use a unitarity-
based construction of the one loop amplitudes, as it has done in N = 4 Super-
Yang-Mills theory (see review [11] and references therein). In this technique, one
obtains the imaginary part of the one-loop amplitude from the product of the tree
amplitudes, and then reconstructs the real part up to a possible polynomial function.
The good ultraviolet behavior of N = 4 super-Yang-Mills theory makes it possible
to reconstruct the whole amplitude without the additive polynomial ambiguity. The
one-loop amplitudes that can be reconstructed that way (\cut-constructible") must
13
satisfy a certain loop-momentum \power-counting" criterion given, for example, in
[11].
One-loop amplitudes in the standard N = 4 SYM theory obtained by using the

















































































The expression (69) was used to simplify the direct product of the tree amplitudes.
The expressions (69)and (70) for N = 4 amplitudes are correct in all dimensions
and can be used [15, 23] to reconstruct complete massless loop amplitudes. The D3-
brane eective Lagrangian (39) in the Killing gauge does not contain three-particle
vertices, hence only bubble diagrams will contribute to the one-loop corrections to
the four-particle amplitudes. In this case the expression for one-loop corrections







































































(1; 2; 3; 4) from (56) is symmetric
under momenta permutations and color factors are gone because gauge eld in (5)


















































+ log 4 +   )] (75)
as  ! 0:
It is easy to nd counterterms for eective D3-brane Lagrangian (39). Their



































































































Using the relations (55)-(67) between the amplitudes with dierent particle con-
tent it is easy to nd the corrections and the counterterms for all other four-particle
interactions of N = 4 multiplets in this theory.
5 Dierent -gauges
The Killing gauge is obviously not the only choice for xing the -gauge. In [3] it
was proposed to use the gauge where 
1
= 0 and 
2






































= 0 and the static gauge condition ÆX
p
= 0 determine














































































The index m is a d=10 index, which includes both (p) and t values (t is a six-
























































The choice of -gauge aects only the part of the Lagrangian that contains
fermions leaving the purely bosonic terms unchanged. In the 
1
= 0 gauge the









































































































































In this gauge the Lagrangian contains the three-particles vertices along with the
quartic terms. Four-particle tree amplitudes with fermions will contain a set of tree





for the fermions  :
=
+ +   
16
+   +
=
Calculations of these tree amplitudes show that they are the same for both cases
of the -gauges. Both theories have the same one loop corrections and nontrivial
counterterms in d=4.
6 Conclusion
The Born-Infeld type actions have received a lot of attention in the last few years.
This type of action plays a crucial role for the D3 brane theory. The rich structure
of interaction terms in this theory makes it especially interesting to study them. The
other interesting question that arises in this theory is a question about the form of
supersymmetry transformations after the xing of the  gauge.
We have presented the supersymmetry transformations, Feynman rules and one-
loop corrections to the -gauge xed D3 brane Born-Infeld theory up to the quartic
order. We would like to stress here that the Feynman rules following from the gauge-
xed supersymmetric Born-Infeld action turned out to be rather simple at least for
the 4-point one loop calculations, which has allowed us to perform the quantum
calculation in this very unusual theory.
Our calculations show that D3 brane theory in the at IIB background has a
nontrivial counterterm in d=4. We have found that the structure of the counterterm
as well as nite corrections includes terms like (@F)
4
: We hope that our calculations
may help to shed some light on the relations between the properties of the fundamental
theory including the D3 branes and the quantum N = 4 supersymmetric YM gauge
theory.
We also consider these calculations as a preparation for the studies of the more





for a few interacting D3 branes with non-Abelian gauge eld in the action. We have
17
found that the use of the Killing gauge for  -symmetry combined with the helicity
amplitudes technique has simplied our calculations signicantly. Hopefully these
methods will be useful for calculations in some other class of interesting problems.
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Appendix
We use chiral representation for d=6 dimensional 
(6)
matrices followingM. Sohnius

















































































































































































































































The new scalar elds s
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